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Abstract
We prove that the set of commutators in a non-cyclic free group G is a closed subset of G with
respect to the profinite topology.
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1. Introduction
Let G be a non-cyclic free group G endowed with its profinite topology and denote by
Ĝ the profinite completion of G (for details cf. [6]). For any finitely generated subgroup
K of G, we denote by K̂ the profinite completion of K , which can be identified with the
closure of K in Ĝ (cf. [3, Chapter I, Proposition 3.10]).
In 1985, G.S. Makanin [4] described an algorithm to solve equations in free groups.
G. Sabbagh asked the following question: does an equation in G have a solution if and only
if it has a solution in every finite quotient of G? A positive answer would have yielded a
simpler algorithm than the one given by Makanin. It was shown in [1] that in general the
answer to the above question is negative.
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equation, the equation [x, y] = a in the variables x , y , where a is a fixed element of G and
[x, y] = xyx−1y−1. In other words we prove that the set of commutators of G is closed for
the profinite topology.
Theorem. Let a be an element of G and suppose a is the commutator of two elements of Ĝ.
Then a is the commutator of two elements of G.
The statement of the theorem is equivalent to the statement that the set of commutators
of G is closed for the profinite topology on G.
We shall deduce the theorem from the following two propositions.
Proposition 1. Let x and y be elements of Ĝ such that [x, y] ∈ G \ {e}. Then there exist a
closed subgroup H of G and topological generators z, t of Ĥ such that [x, y] = [z, t].
Proposition 2. Let H be a free group of rank 2, and let f , g be topological generators of
Ĥ such that [f,g] ∈ H . Then H has generators f ′, g′ such that [f,g] = [f ′, g′].
Now assume that G is a non-cyclic free group as in the hypothesis of the Theorem. Us-
ing Propositions 1 and 2, we can conclude that if x , y are elements of Ĝ and if [x, y] ∈ G,
then there are x ′, y ′ in G such that [x, y] = [x ′, y ′], and so the theorem follows. Therefore
it suffices now to prove the two propositions.
2. Proof of Propositions 1 and 2
For the proof of Proposition 1, we need two known results. If G is a free group with
a given basis, we write |g| to denote the length of an element g of G as a word in the
elements of the basis.
Lemma 1 [2, Chapter 1, Proposition 2.10]. Let H be a subgroup of the free group G. Let
H be well ordered by < such that |h1| < |h2| implies h1 < h2. For g ∈ H define Hg to be
the subgroup generated by {h | h ∈ H and h < g}. Then A = {g | g ∈ H and g /∈ Hg} is a
basis for H .
Lemma 2 [7, Lemma 3.2]. Let F be a free group and K a subgroup of F such that
K = ⋂Uα , where {Uα | α ∈ A} is a collection of subgroups of F of finite index such
that whenever α, β ∈ A, there exists γ ∈ A with Uγ Uα ∩Uβ . Assume that H is a finitely
generated free factor of K . Then there exists some α such that H is a free factor of Uα ; in
other words, there is a subgroup L such that Uα is the free product of H and L.
Proof of Proposition 1. By considering a finitely generated free factor of G containing
[x, y], we can reduce the problem to the case where G is finitely generated. Let (Gi)i∈N
be a decreasing sequence of open subgroups of Ĝ constituting a basis of neighbourhoods
of the trivial element e. We denote by Hi the subgroup of Ĝ generated by x , y and Gi .
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following assertion:
[x, y] ∈ U and the closure of U lies in the subgroup of Ĝ topologically
generated by x, y. (∗)
We fix a basis of G, and let H be the subgroup of U generated by the words in U whose
length is at most the length of [x, y]. Since [x, y] ∈ U we have [x, y] ∈ H , and clearly H
is finitely generated. By applying Lemma 1 with some well order on U , we see that
A = {g | g ∈ U and g /∈ Ug} and B = {g | g ∈ H and g /∈ Hg}
are bases for U , H respectively. Considering the two cases when [x, y]  g and when
g < [x, y] we conclude easily that Hg = H ∩ Ug . Thus B ⊂ A and so H is a free factor
of U .
It follows from Lemma 2 that there exists an integer i such that H is a free factor of
Hi ∩G. Since H is finitely generated, H is closed in G with respect to the profinite topol-
ogy, and hence the subspace topology induced on H by the topology of G coincides with
the profinite topology of H (cf. [3, Chapter 1, 3.10]). We consider any homomorphism p
from Hi ∩ G to H whose restriction to H is the identity (such homomorphisms p exist
because H is a free factor of Hi ∩G). We extend p continuously to the closure of Hi ∩ G
in Ĝ, which is Hi . Using (∗) and the fact that H ⊂ U , we obtain that the images z, t
of x , y under p (x and y belong to Hi) generate topologically the closure of H which can
be identified with Ĥ . Since [x, y] ∈ H , we also have [x, y] = [z, t]. This concludes the
proof. 
Remark. Since H is a finitely generated free group and Ĥ is a group that is non-abelian
(because [z, t] = e) and is topologically generated by two elements z, t , the group H free
of rank 2.
Before we prove Proposition 2, we fix some further notation and we prove a lemma.
We denote by M2(R) the ring of 2 × 2 matrices over a commutative ring R. We write
Id for the 2 × 2 identity matrix, and Tr(M) for the trace of a matrix M . We write Fp for
the field of prime order p and Kp for its algebraic closure.
Lemma 3. Let p be an odd prime. Let x , y be two elements of SL2(Kp) such that
Tr([x, y]) = 2. Then 〈x, y〉 is not conjugate to SL2(Fp) in SL2(Kp).
Proof. After conjugation, we can assume x of the form ( a bc d ) and y of the form ±( 1 t0 1 ) or(
λ 0
0 1/λ
)
.
In the first case, we have Tr([x, y]) = 2 + c2t2 (thus c = 0 or t = 0); if c = 0, then x
and y are both upper triangular matrices, and if t = 0 then x and y commute. In the second
case, we have Tr([x, y])= 2 − bc(λ− 1/λ)2 and thus λ = ±1 or bc = 0; if λ = ±1 then x
and y commute, while if bc = 0 they are both upper or lower triangular matrices.
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most 3, while SL2(Fp) spans M2(Kp). The result follows. 
It is well known that the matrices
u =
(
1 2
0 1
)
and v =
(
1 0
2 1
)
are free generators for a free subgroup H of SL2(Z) (cf. [3, Exercise 13, p.101]). Since the
images of u, v modulo p generate SL2(Fp), we obtain an epimorphism γ : H → SL2(Fp)
and an induced continuous epimorphism γˆ : Ĥ → SL2(Fp)
Proof of Proposition 2. Let m be an element of H which is the commutator of two topo-
logical generators of Ĥ .
Using the homomorphism γˆ defined above, for p = 2, we conclude from Lemma 3 that
Tr(m) = 2 modulo every odd prime. Hence
Tr(m) − 2 = ±2f for some integer f  1. (I)
Since the derived subgroup H ′ of H is closed in H in the profinite topology, m belongs
to H ′ and the conjugates of m generate topologically the closure of H ′ in H . We think
of H ′/H ′′ as the H/H ′-module L = (Z[X,Y,X−1, Y−1],+), and we identify the class of
[u,v] with 1 and the class of u−rv−s [u,v]vsur with XrY s for (r, s) ∈ Z2. Denote by m the
class of m. Then mL is dense in L for the profinite topology (as additive group). Since the
ring L/mL is finitely generated and commutative, it is residually finite (cf. [5]). Then we
have L = mL so that m is an invertible element of L (of the form ±XrY s for (r, s) ∈ Z2,
i.e.,
m is conjugate to [u,v] or [v,u] modulo H ′′. (II)
A simple computation shows that
[u,v] and [v,u] are congruent to 5Id =
(
5 0
0 5
)
modulo 8. (III)
Since H ′ is generated by the conjugates of [u,v], Eq. (III) implies that the elements of
H ′′ are generated by commutators of matrices of the form 5Id+ 8M with M ∈ M2(Z). Let
C = 5Id + 8A and D = 5Id + 8B be matrices of this form. Then
CDC−1D−1 = Id + (CD − DC)C−1D−1 = Id + 64(AB − BA)C−1D−1,
which is of the form Id + 64M with M ∈ M2(Z). Thus
all elements of H ′′ are of the form Id + 64M with M ∈ M2(Z). (IV)
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have either Tr(m) = Tr([u,v]) modulo 64 or Tr(m) = Tr([v,u]) modulo 64. But
[u,v] =
(
21 −8
8 −3
)
and [v,u] =
(−3 8
−8 21
)
,
and hence Tr([u,v]) = Tr([v,u] = 18.
The only integer of the form 2 ± 2f and that is congruent to 18 modulo 64 is 18. Thus
Tr(m) = 18. (∗∗)
From (II)–(IV) we deduce that
m − 5Id ∈ 8M2(Z) (∗∗∗)
Assertions (∗∗) and (∗∗∗) are obviously conjugacy-invariant.
For
s =
(
a b
c d
)
∈ H,
define l(s) = (d − a)2. We search among the conjugates of m for a matrix r such that l(r)
is minimal. The four requirements
l(r) l
(
u−1ru
)
, l(r) l
(
uru−1
)
, l(r) l
(
v−1rv
)
, l(r) l
(
vrv−1
)
give us the following facts:
(1) (a − d)2  (a − d − 4c)2;
(2) (a − d)2  (a − d + 4c)2;
(3) (a − d)2  (a − d + 4b)2;
(4) (a − d)2  (a − d − 4b)2.
We conclude from (1) and (2) that either |a − d| 2|c| or c = 0, and from (3) and (4)
that either |a − d| 2|b| or b = 0. It follows that either
(a − d)2  4|bc| or bc = 0.
Then (a − d)2 + 4bc has the same sign as bc (if (a − d)2 + 4bc = 0 and bc = 0).
But
(a − d)2 + 4bc = (a + d)2 − 4ad + 4bc = (a + d)2 − 4 = (18)2 − 4 = 320
(since r is a conjugate of m, and thus Tr(r) = 18). Therefore bc is a non-negative integer
and ad = bc + 1 1.
We have proved the following facts:
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• a + d = 18 (from (∗∗));
• a, d ∈ 5 + 8Z (from (∗∗∗)).
Therefore either a = 5 and d = 13, or a = 13 and d = 5. In both cases, we have ad = 65,
and thus bc = ad − 1 = 64. But from (∗∗∗) we have b, c ∈ 8Z. There only two possibil-
ities: we have either b = c = 8 or b = c = −8. Thus r must be one of the four matrices
u−1[u,v]u, u−1[v,u]u, v−1[u,v]v, v−1[v,u]v. In particular, m is conjugate to either [u,v]
or [v,u] and so is the commutator of two generators of H .
The conclusion of Proposition 2 now follows, on replacing m by [f,g]. 
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